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Abstract
A three-generation Pati-Salam model is constructed by compactifying the heterotic string on
a particular T 6/Z6 Abelian symmetric orbifold with two discrete Wilson lines. The compactified
space is taken to be the Lie algebra lattice G2 ⊕ SU(3) ⊕ SO(4). When one dimension of the
SO(4) lattice is large compared to the string scale, this model reproduces many features of a 5d
SO(10) grand unified theory compactified on an S1/Z2 orbifold. (Of course, with two large extra
dimensions we can obtain a 6d SO(10) grand unified theory.) We identify the orbifold parities
and other ingredients of the orbifold grand unified theories in the string model. Our construction
provides a UV completion of orbifold grand unified theories, and gives new insights into both field
theoretical and string theoretical constructions.
PACS numbers: 11.25.Mj,12.10.-g,11.25.Wx
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1. Motivation. Particle physics models based on higher-dimensional field theories com-
pactified on orbifolds have attracted much attention recently [1]. 5d [2] and 6d [3] versions
of an SO(10) grand unified theory (GUT) have been studied. These theories offer novel
solutions to some outstanding problems in conventional 4d GUTs. For example, they allow
GUT symmetry breaking without adjoint scalars and complicated GUT breaking sectors;
and they have natural doublet-triplet Higgs splitting, while eliminating dimension-5 operator
contributions to proton decay. However, higher dimensional theories are non-renormalizable
and require an explicit cutoff in order to regularize all the divergences. Moreover, any ultra-
violet (UV) completion of these theories necessarily introduces new physics at the cutoff
scale, which will certainly be relevant for understanding gauge coupling unification, proton
decay rates, and family hierarchies.
In order to address these issues, it is essential to obtain a UV completion which is highly
motivated in its own right – in particular, string theory. Orbifold compactifications [4] of
heterotic string theory [5] have all the necessary ingredients of orbifold GUTs. This motivates
us to embed the model in heterotic string theory. In this Letter, we explicitly construct a
three-generation Pati-Salam (PS) model from the heterotic string compactified on a T 6/Z6
Abelian symmetric orbifold with two discrete Wilson lines. (The T 6/Z6 orbifold under
consideration is equivalent to a T 6/(Z2×Z3) orbifold. Note, in order to reproduce the recent
5d (and 6d) orbifold GUTs, the discrete orbifold point group needs to have a Z2 sub-orbifold
action.) Our string model is the first three-generation PS model based on non-prime-order
orbifold constructions.1 We reinterpret this model in the orbifold GUT field theory language.
Specifically, we represent the orbifold parities in terms of string theoretical quantities, and
identify various untwisted/twisted-sector states of the string model as bulk/brane states
in the orbifold GUT. The main objective of this Letter is establishing the orbifold GUT–
heterotic string connection; details of our model and some additional three-generation PS
models will be presented in a separate publication [7].
2. A 5d orbifold GUT field theory [2]. The relevant fields under consideration are the
gauge field, taken to be a 5d vector multiplet, V = (VM , λ, λ′, σ) (where VM , λ, λ′ and σ are in
the adjoint representations, 45), and the Higgs field, taken to be a 5d N = 2 hypermultiplet,
H = (φ, φc, ψ, ψc) (where φ, φc, (ψ, ψc) are bosons (fermions) in the 10+10 representation.
1 For a three-generation PS model based on the free fermionic construction, see Ref. [6].
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For SO(10), 10 ≡ 10). These states are the bulk states in the terminology of 5d theories.
When compactified on a smooth manifold such as the circle, S1, with radius R, the above
5d GUT model results in a 4d SO(10) model with (extended) N = 2 supersymmetry. For
every 4d state, there is a tower of N = 2 Kaluza-Klein (KK) excitations in the same group
representation with mass m/R (where the non-negative integers m label the KK levels). It
is often more convenient to write the N = 2 multiplets in terms of N = 1 multiplets. In the
SO(10) model, the 4d massless states are a vector multiplet, V = (Aµ, λ), a chiral multiplet,
Σ = ((σ + iA5)/
√
2, λ′), both in the adjoint representation, and a pair of chiral multiplets,
H = (φ, ψ) and Hc = (φc, ψc), in complex conjugate representations.
The 4d effective theory is quite different, however, if the compactified space is an orbifold
instead of a smooth manifold. Then not only can the extended supersymmetry be broken
(partially or completely) but the GUT gauge group can also be reduced by non-trivial
embeddings of the orbifold action into the gauge degrees of freedom.
Consider the SO(10) example and take the extra dimension to be an orbi-circle S1/Z2.
The space group of this orbifold is generated by two actions, a space reversal, P : y → −y,
and a lattice translation, T : y → y+2πR. The translation can be replaced by an equivalent
Z2 action, P ′ = PT . The fundamental region of S1/Z2 is the interval [0, πR], where the
two ends, y = 0 and y = πR are the fixed points of P and P ′. The orbifold actions P and
P ′ can be realized on a generic 5d field as orbifold parities, P, P ′ = ±. Let us assign the
following parities to the fields in the SO(10) model (where we have written the fields in
representations of the PS group, SU(4)× SU(2)L × SU(2)R),
States P P ′ States P P ′
V (15, 1, 1) + + Σ(15, 1, 1) − −
V (1, 3, 1) + + Σ(1, 3, 1) − −
V (1, 1, 3) + + Σ(1, 1, 3) − −
V (6, 2, 2) + − Σ(6, 2, 2) − +
H(6, 1, 1) + − Hc(6, 1, 1) − +
H(1, 2, 2) + + Hc(1, 2, 2) − −
. (1)
The first orbifold parity, P , preserves the SO(10) symmetry; its fixed point at y = 0 is the
“SO(10) brane”. The second projection, P ′, breaks the SO(10) gauge symmetry to the PS
gauge group; its fixed point at y = πR is the “PS brane”.
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Masses of KK excitations of these fields depend on their parities,
MKK =


m/R for P = P ′ = + ,
(2m+ 1)/2R for P = +, P ′ = − and P = −, P ′ = + ,
(m+ 1)/R for P = P ′ = − .
(2)
The 4d effective theory includes only zero modes with P = P ′ = +. They are the PS gauge
fields and the H(1, 2, 2) chiral multiplet (which is the minimal supersymmetric standard
model (MSSM) Higgs doublet). Zero modes of the H(6, 1, 1) and Hc(6, 1, 1) states (which
are the MSSM color triplet Higgses) are absent; this solves the doublet-triplet splitting
problem that plagues conventional 4d GUT theories.
3. Heterotic string compactified on T 6/Z6. Let us denote the Z6 action on the three
complex compactified coordinates by Z i → e2πiri·v6Z i, i = 1, 2, 3, where v6 = 16(1, 2,−3)
is the twist vector, and r1 = (1, 0, 0, 0), r2 = (0, 1, 0, 0), r3 = (0, 0, 1, 0).
2 For simplicity
and definiteness, we also take the compactified space to be a factorizable Lie algebra lattice
G2 ⊕ SU(3)⊕ SO(4).
The Z6 orbifold is equivalent to a Z2 × Z3 orbifold, where the two twist vectors are
v2 = 3v6 =
1
2
(1, 0,−1) and v3 = 2v6 = 13(1,−1, 0). The Z2 and Z3 sub-orbifold twists
have the SU(3) and SO(4) planes as their fixed torii. In Abelian symmetric orbifolds, gauge
embeddings of the point group elements and lattice translations are realized by shifts of the
momentum vectors, P, in the E8 × E8 root lattice3 [8], i.e., P→ P+ kV + lW, where k, l
are some integers, and V and W are known as the gauge twists and Wilson lines [9]. These
embeddings are subject to modular invariance requirements [4, 10]. The Wilson lines are
also required to be consistent with the action of the point group. In the Z6 model, there are
at most three consistent Wilson lines [11], one of degree 3 (W3), along the SU(3) lattice,
and two of degree 2 (W2, W
′
2), along the SO(4) lattice.
The Z6 model has three untwisted sectors (Ui, i = 1, 2, 3) and five twisted sectors (Ti, i =
1, 2, · · · , 5). (The Tk and T6−k sectors are CPT conjugates of each other.) The twisted
2 Together with r4 = (0, 0, 0, 1), they form the set of positive weights of the 8v representation of the SO(8),
the little group in 10d. ±r4 represent the two uncompactified dimensions in the light-cone gauge. Their
space-time fermionic partners have weights r = (± 1
2
,± 1
2
,± 1
2
,± 1
2
) with even numbers of positive signs;
they are in the 8s representation of SO(8). In this notation, the fourth component of v6 is zero.
3 The E8 root lattice is given by the set of states P = {n1, n2, · · · , n8}, {n1+ 12 , n2+ 12 , · · · , n8+ 12} satisfying
ni ∈ Z,
∑
8
i=1 ni = 2Z.
4
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FIG. 1: G2⊕ SU(3)⊕ SO(4) lattice with Z2 fixed points. The T3 twisted sector states sit at these
fixed points. The fixed point at the origin and the symmetric linear combination of the red (grey)
fixed points in the G2 torus have γ = 1.
sectors split further into sub-sectors when discrete Wilson lines are present. In the SU(3)
and SO(4) directions, we can label these sub-sectors by their winding numbers, n3 = 0, 1, 2
and n2, n
′
2 = 0, 1, respectively. In the G2 direction, where both the Z2 and Z3 sub-orbifold
twists act, the situation is more complicated. There are four Z2 fixed points in the G2 plane.
Not all of them are invariant under the Z3 twist, in fact three of them are transformed into
each other. Thus for the T3 twisted-sector states one needs to find linear combinations of
these fixed-point states such that they have definite eigenvalues, γ = 1 (with multiplicity
2), ei2π/3, or ei4π/3, under the orbifold twist [11, 12] (see Fig. 1). Similarly, for the T2,4
twisted-sector states, γ = 1 (with multiplicity 2) and −1 (the fixed points of the T2,4 twisted
sectors in the G2 torus are shown in Fig. 2). The T1 twisted-sector states have only one fixed
point in the G2 plane, thus γ = 1 (see Fig. 3). The eigenvalues γ provide another piece of
information to differentiate twisted sub-sectors.
Massless states in 4d string models consist of those momentum vectors P and r (r are in
the SO(8) weight lattice) which satisfy the following mass-shell equations [4, 8],
α′
2
m2R = N
k
R +
1
2
|r+ kv|2 + akR = 0 , (3)
α′
2
m2L = N
k
L +
1
2
|P+ kX|2 + akL = 0 , (4)
where α′ is the Regge slope, NkR and N
k
L are (fractional) numbers of the right- and left-
moving (bosonic) oscillators, X = V + n3W3 + n2W2 + n
′
2W
′
2, and a
k
R, a
k
L are the normal
ordering constants,
akR = −
1
2
+
1
2
3∑
i=1
|k̂vi|
(
1− |k̂vi|
)
,
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FIG. 2: G2 ⊕ SU(3) ⊕ SO(4) lattice with Z3 fixed points. The fixed point at the origin and the
symmetric linear combination of the red (grey) fixed points in the G2 torus have γ = 1. The fields
V, Σ, and 1×(16+16) are bulk states from the untwisted sector. On the other hand, 6×(10+10)
and 3× (16+ 16) are “bulk” states located on the T2/T4 twisted sector fixed points.
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FIG. 3: G2⊕SU(3)⊕SO(4) lattice with Z6 fixed points. The T1 twisted sector states sit at these
fixed points.
akL = −1 +
1
2
3∑
i=1
|k̂vi|
(
1− |k̂vi|
)
, (5)
with k̂vi = mod(kvi, 1).
These states are subject to a generalized Gliozzi-Scherk-Olive (GSO) projection P =
1
6
∑5
ℓ=0∆
ℓ [8]. For the simple case of the k-th twisted sector (k = 0 for the untwisted
sectors) with no Wilson lines (n3 = n2 = n
′
2 = 0) we have
∆ = γφ exp
{
iπ
[
(2P+ kX) ·X− (2r+ kv) · v
]}
, (6)
where φ are phases from bosonic oscillators. However, in the Z6 model, the GSO projector
must be modified for the untwisted-sector and T2,4, T3 twisted-sector states in the presence
of Wilson lines [7]. The Wilson lines split each twisted sector into sub-sectors and there
must be additional projections with respect to these sub-sectors. This modification in the
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projector gives the following projection conditions,
P ·V − ri · v = Z (i = 1, 2, 3), P ·W3, P ·W2, P ·W′2 = Z, (7)
for the untwisted-sector states, and
T2,4 : P ·W2, P ·W′2 = Z , T3 : P ·W3 = Z , (8)
for the T2,3,4 sector states (since twists of these sectors have fixed torii). There is no additional
condition for the T1 sector states.
4. An orbifold GUT – heterotic string dictionary. We first implement the Z3
sub-orbifold twist, which acts only on the G2 and SU(3) lattices. The resulting model is a
6d gauge theory with N = 2 hypermultiplet matter, from the untwisted and T2,4 twisted
sectors. This 6d theory is our starting point to reproduce the orbifold GUT models. The
next step is to implement the Z2 sub-orbifold twist. The geometry of the extra dimensions
closely resembles that of the 6d orbifold GUTs. The SO(4) lattice has four Z2 fixed points
at 0, πR, πR′ and π(R+R′), where R and R′ are the two axes of the lattice (see Figs. 1 and
3). When one varies the modulus parameter of the SO(4) lattice such that the length of
one axis (R) is much larger than the other (R′) and the string length scale (ℓs), the lattice
effectively becomes the S1/Z2 orbi-circle in the 5d orbifold GUT, and the two fixed points
at 0 and πR have degree-2 degeneracies. Furthermore, one may identify the states in the
intermediate Z3 model, i.e. those of the untwisted and T2,4 twisted sectors, as bulk states
in the orbifold GUTs.
Space-time supersymmetry and GUT breaking in string models work exactly as in the
orbifold GUT models. First consider supersymmetry breaking. In the field theory, there are
two gravitini in 4d, coming from the 5d (or 6d) gravitino. Only one linear combination is
consistent with the space reversal, y → −y; this breaks the N = 2 supersymmetry to that
of N = 1. In string theory, the space-time supersymmetry currents are represented by those
half-integral SO(8) momenta (see footnote 2). The Z3 and Z2 projections remove all but
two of them, r = ±1
2
(1, 1, 1, 1); this gives N = 1 supersymmetry in 4d.
Now consider GUT symmetry breaking. As usual, the Z2 orbifold twist and the transla-
tional symmetry of the SO(4) lattice are realized in the gauge degrees of freedom by degree-2
gauge twists and Wilson lines respectively. To mimic the 5d orbifold GUT example, we im-
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pose only one degree-2 Wilson line, W2, along the long direction of the SO(4) lattice, R.
4
The gauge embeddings generally break the 5d/6d (bulk) gauge group further down to its
subgroups, and the symmetry breaking works exactly as in the orbifold GUT models. This
can clearly be seen from the following string theoretical realizations of the orbifold parities
P = p e2πi [P·V2−r·v2] , P ′ = p e2πi [P·(V2+W2)−r·v2] , (9)
where V2 = 3V6, and p = γφ can be identified with intrinsic parities in the field theory
language.5 Since 2(P ·V2 − r · v2), 2P ·W2 = Z, by properties of the E8 × E8 and SO(8)
lattices, thus P 2 = P ′2 = 1, and Eq. (9) provides a representation of the orbifold parities.
From the string theory point of view, P = P ′ = + are nothing but the projection conditions,
∆ = 1, for the untwisted and T2,4 twisted-sector states (see Eqs. (6), (7) and (8)).
To reaffirm this identification, we compare the masses of KK excitations derived from
string theory with that of orbifold GUTs. The coordinates of the SO(4) lattice are untwisted
under the Z3 action, so their mode expansions are the same as that of toroidal coordinates.
Concentrating on the R direction, the bosonic coordinate is XL,R = xL,R + pL,R(τ ± σ) +
oscillator terms, with pL, pR given by
pL =
m
2R
+
(
1− 1
4
|W2|2
)
n2R
ℓ2s
+
P ·W2
2R
, pR = pL −
2n2R
ℓ2s
, (10)
where m (n2) are KK levels (winding numbers). The Z2 action maps m to −m, n2 to −n2
andW2 to −W2, so physical states must contain linear combinations, |m,n2〉±|−m,−n2〉;
the eigenvalues ±1 correspond to the first Z2 parity, P , of orbifold GUT models. The
second orbifold parity, P ′, induces a non-trivial degree-2 Wilson line; it shifts the KK level
by m→ m+P ·W2. Since 2W2 is a vector of the (integral) E8×E8 lattice, the shift must
be an integer or half-integer. When R≫ R′ ∼ ℓs, the winding modes and the KK modes in
the smaller dimension of SO(4) decouple. Eq. (10) then gives four types of KK excitations,
reproducing the field theoretical mass formula in Eq. (2).
4 Wilson lines can be used to reduce the number of chiral families. In all our models, we find it is sufficient to
get three-generation models with twoWilson lines, one of degree 2 and one of degree 3. Note, however, that
with two Wilson lines in the SO(4) torus we can break SO(10) directly to SU(3)×SU(2)×U(1)Y ×U(1)X
(see for example, Ref. [3]).
5 For gauge and untwisted-sector states, p are trivial. For non-oscillator states in the T2,4 twisted sectors,
p = γ are the eigenvalues of the G2-plane fixed points under the Z2 twist. Note that p = + and − states
have multiplicities 2 and 1 respectively since the corresponding numbers of fixed points in the G2 plane
are 2 and 1.
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5. A three-generation PS model. To illustrate the above points, we consider an
explicit three-generation PS model in the Z6 orbifold, with the following gauge twist and
Wilson lines,
V6 =
1
6
(22200000) (11000000) , (11)
W3 =
1
3
(21− 100000) (02110000) , (12)
W2 =
1
2
(10000111) (00000000) . (13)
The unbroken gauge groups in 4d are SU(4) × SU(2)L × SU(2)R × SO(10)′ × SU(2)′ ×
U(1)5 (one of the Abelian groups is anomalous), and the untwisted- and twisted-sector
matter states furnish the following irreducible representations of the PS gauge group (modulo
singlets),
U1 : (4, 2, 1) ,
T1 : 2(4, 2, 1) + 2(4¯, 1, 2) + 4(4, 1, 1) + 4(4¯, 1, 1) + 8(1, 2, 1) + 6(1, 1, 2)
+2(1, 2, 1; 1, 2) + 2(1, 1, 2; 1, 2) ,
T2 : 2(4¯, 1, 2) + (6, 1, 1) + (1, 2, 2) , T4 : (4, 1, 2) + 2(6, 1, 1) + 2(1, 2, 2) ,
T3 : 2(4, 1, 1) + 2(4¯, 1, 1) + 6(1, 1, 2) , (14)
where we have suppressed all the Abelian charges. This model contains three chiral PS
families, two from the T1 sector and one from the untwisted and T2,4 twisted sectors. Note the
T2,4 sectors also contain a (4, 1, 2)+ (4¯, 1, 2) pair which can be used to spontaneously break
PS to the standard model (SM). The complete matter spectrum can be found in Ref. [7]. It
is natural to identify the two lightest families with the T1 sector states (4, 2, 1) + (4¯, 1, 2)
located on the SO(10) brane (see Fig. 3). (In fact, we do not yet understand the dynamics
which breaks the apparent symmetry between these two states.) The third family is then
identified with the bulk states in U1 and T2. However, for this identification to be consistent
with limits on proton decay we need R−1 ≡ Mc & 1016 GeV. We return to this point below
when we discuss gauge coupling unification.
Gauge symmetry breaking and matter fields of this model can be understood in the
language of orbifold GUTs. The intermediate Z3 model has a GUT group SO(10)× SU(2)
in the observable sector6 (modulo Abelian factors), and contains the following untwisted
6 Note, the non-zero roots of the SO(10) gauge sector are described by momenta P = (0, 0, 0,±1,±1, 0, 0, 0)
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and twisted-sector matter states in 6d hypermultiplets
U sectors : (16, 1) + (1, 2),
T sectors : 3(16, 1) + 6(10, 1) + 15(1, 2). (15)
These matter states are bulk states in the language of orbifold GUTs (see Fig. 2). Note
that, with the above 6d gauge sector and matter hypermultiplets, the irreducible 6d SO(10)
anomalies cancel [13].
The Z2 orbifold twist v2 (represented in the gauge degrees of freedom with the shift V2)
along with the Wilson line W2 generate the two orbifold parities, P and P
′, in field theory.
As discussed earlier the orbifold parities can be computed for the states in Eq. (15) using
Eq. (9), and they are listed in Table I.
The first embedding removes massless states with orbifold parities P = −. Just like in
the field theory example, the SO(10) × SU(2) gauge group is unbroken. The remaining
matter states are U1 : (16, 1), U2 : (1, 2), T2 : 2(16, 1)+ + 2(10, 1)− + 2(1, 2)+ + 4(1, 2)−,
T4 : (16, 1)− + 4(10, 1)+ + 8(1, 2)+ + (1, 2)−, where the sub-indices represent intrinsic
parities. The second embedding, on the other hand, removes states with parities P ′ = −.
It breaks the observable-sector gauge group to the PS group (this is also identical to the
orbifold GUT model). Finally, massless matter fields in the untwisted and T2, T4 twisted
sectors of our Z6 model (Eq. (14)) are the intersections of those of the two inequivalent
embeddings of the Z2 orbifold twist, i.e. the surviving massless states in the 4d effective
theory have orbifold parities P = P ′ = + which agrees with field theoretical results.7
(plus all permutations of ±1 in the last five components). These satisfy P2 = 2 and P ·V6 = P ·W3 =
0. The weights for the 16 and 10 dimensional representations of SO(10) are given by (n1 +
1
2
, n2 +
1
2
, n3 +
1
2
,± 1
2
,± 1
2
,± 1
2
,± 1
2
,± 1
2
) (with an even number of minus signs for the last five components and∑
3
i=1 ni = 2Z) and (n1, n2, n3,±1, 0, 0, 0, 0) (plus all permutations over the last five components with∑3
i=1 ni = 2Z+1), respectively. The Wilson line W2 preserves SO(4)× SO(6) where the roots of SO(4)
and SO(6) reside in (4th, 5th) and (6th, 7th, 8th) components of P, respectively. In addition, W2
distinguishes the Higgs doublets and triplets.
7 It should be noted that the patterns of gauge symmetry breaking in our models are slightly more general
than those considered in the orbifold GUT literature. Both the P and P ′ orbifold parities can be realized
non-trivially to break parts of the bulk GUT gauge symmetries. (In the SO(10) orbifold GUT model [2]
and the model presented here, the P parities are trivially realized, in the sense they commute with all the
bulk gauge generators.) In fact, we find additional three-generation PS models where the intermediate
bulk gauge group is E6, and the two orbifold parities break it to the SO(10) and SU(6)×SU(2) subgroups
at the two fixed points of the SO(4) lattice. The 4d matter spectra of these models have similar features
to that of the three-generation model presented here. We relegate the details to Ref. [7].
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TABLE I: Parities of the bulk states, i.e. the states in the gauge, untwisted and T2/T4 twisted
sectors (separated by the horizontal lines respectively). The sub-indices ± are intrinsic parities.
The multiplicities represent the number of fixed points in the G2 torus. All the states have been
decomposed into PS representations.
Multiplicities States P P ′ States P P ′
1 V (15,1,1) + + Σ(15,1,1) − −
1 V (1,3,1) + + Σ(1,3,1) − −
1 V (1,1,3) + + Σ(1,1,3) − −
1 V (6,2,2) + − Σ(6,2,2) − +
1 H(4,2,1) + + Hc(4¯,2,1) − −
1 H(4¯,1,2) + − Hc(4,1,2) − +
2 H(4,2,1)+ + − Hc(4¯,2,1)+ − +
2 H(4¯,1,2)+ + + H
c(4,1,2)+ − −
2 H(6,1,1)+ − + Hc(6,1,1)+ + −
2 H(1,2,2)+ − − Hc(1,2,2)+ + +
2 H(6,1,1)+ − − Hc(6,1,1)+ + +
2 H(1,2,2)+ − + Hc(1,2,2)+ + −
1 H(4,2,1)− − + Hc(4¯,2,1)− + −
1 H(4¯,1,2)− − − Hc(4,1,2)− + +
1 H(6,1,1)− + + H
c(6,1,1)− − −
1 H(1,2,2)− + − Hc(1,2,2)− − +
1 H(6,1,1)− + − Hc(6,1,1)− − +
1 H(1,2,2)− + + H
c(1,2,2)− − −
In the Z6 model there are also states from the T1 and T3 twisted sectors. They are
localized on the two sets of inequivalent fixed points of the SO(4) lattice at 0 and πR,
and can be properly identified with the brane states in the orbifold GUT models. From
the SO(4) lattice point of view, these states divide into two sub-sectors, according to their
winding numbers, n2 = 0 and n2 = 1, along the direction where the W2 Wilson line is
imposed. The set of states with n2 = 0 (n2 = 1) furnish complete representations of the
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SO(10) × SU(2) (PS) group. They are the SO(10) (PS) brane states in the language of
orbifold GUTs (see Figs. 1 and 3).
The T1,3 twisted-sector states, i.e, the brane states, however, are more tightly constrained
than their orbifold GUT counterparts. In orbifold GUT models the only consistency require-
ment is chiral anomaly cancelation, thus one can add arbitrary numbers of matter fields in
vector-like representations on the branes. String models, on the other hand, have to satisfy
more stringent modular invariance conditions [4, 10] (which, of course, guarantee the model
is anomaly free, up to a possible Abelian anomaly [14]). These conditions usually constrain
the additional allowed matter in vector-like representations. For example, we obtain states
transforming in (4, 1, 1) + (4¯, 1, 1), (1, 1, 2) and (1, 2, 1) representations of PS on the PS
brane. We also obtain states transforming under the hidden gauge group SO(10)′×SU(2)′.
In addition, the modular invariance conditions for the gauge twists and Wilson lines also
imply that we cannot project away all the color triplet Higgs (6, 1, 1) in our three-generation
string model. This feature is different from that of SO(10) orbifold GUT models. These color
triplets do not necessarily pose the usual doublet-triplet problem as in conventional 4d GUT
models, since in our case the triplets (6, 1, 1) and doublets (1, 2, 2) have different quantum
numbers (namely, their Abelian charges). Rather than a nuisance, the color triplets may
actually facilitate the breaking of the PS symmetry to that of the SM. A detailed analysis of
the Yukawa couplings, both at renormalizable and non-renormalizable levels, and breaking
of the PS symmetry will be given in Ref. [7].
6. Gauge coupling unification. Finally we determine various mass scales in our model
by requiring gauge coupling unification. It is highly non-trivial to compute gauge threshold
corrections in string theory [15] in the presence of discrete Wilson lines, and they are only
known numerically in certain cases [16]. However, in the orbifold GUT limit R≫ R′ ∼ ℓs, we
only need to keep contributions from the massless and KK modes (in the R direction) below
the string scale Ms, and the computation can be done by a much simpler field theoretical
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method.8 Following Ref. [17], we find [7]
2π
αi(µ)
=
2π
αs
+bMSSMi ln
Mb
µ
+(bPS+++bbranes)i ln
Ms
Mb
−1
2
(bPS+++b
PS
−−
)i ln
Ms
Mc
+bSO(10)
(
Ms
Mc
− 1
)
,
(16)
for i = 1, 2, 3, where Mb and Mc are the breaking scale of PS to the SM and the com-
pactification scale respectively, αs is the SO(10) gauge coupling at the string scale, and
Ms ≡ 2/
√
α′ =
√
αs/2Mpl with Mpl ≃ 1.2 × 1019 GeV the Planck mass [15]. In this cal-
culation, we have assumed Mb ≪ Mc so that the effect of symmetry breaking to the KK
masses can be neglected. We have also assumed gauge threshold corrections from particle
mass splittings at the breaking scale Mb are negligible. The third term on the RHS includes
the running due to massless modes as well as those “would be” massless states obtaining
mass at Mb. The last term is the contribution of all bulk modes and characterizes the
power-law running of gauge couplings in 5d. Finally, the fourth term on the RHS takes care
of over-countings of the contributions from massless modes with ++ and −− parities.
In Eq. (16), bMSSMi = (
33
5
, 1,−3) is the MSSM beta function coefficient (including one
pair of Higgs doublets). Values of other beta function coefficients and the scales Mb and
Mc depend on the field content below the string scale. As an example we assume 4 (2)
bulk hypermultiplets in the 16 + 16 (10 + 10) representations (see Eq. (15)) and 4 pairs
of (4, 1, 1) + (4¯, 1, 1) on the PS brane (see Eq. (14)) contribute to the running from Mc or
Mb to Ms (all other states are assumed to get mass at Ms). We then have b
PS
++ + bbranes =
1
2
(bPS++ + b
PS
−−
) = (22
5
, 2, 2) and bSO(10) = 4. From the point of view of an effective 4d GUT
theory we have the following equations
2π
αi(µ)
≃ 2π
αG
+ bMSSMi ln
MG
µ
+ 6 δi3 , (17)
where the last factor represents the threshold corrections at the GUT scale MG ≃ 3 × 1016
GeV necessary to fit the low energy data. Matching Eqs. (16) and (17) at Mb, we find
Mb ≃ e−3/2MG ≃ 6.7 × 1015 GeV and Mc ≃ e2MG ≃ 2.2 × 1017 GeV. The string scale and
8 We impose an explicit cutoff at a scale Ms which we naturally identify with the string scale. In a self-
consistent string calculation no explicit cutoff is necessary. We do not expect the renormalization group
evolution of the differences of gauge couplings to be affected by our field theoretic treatment. On the other
hand, the absolute value of the gauge couplings will obtain scheme dependent threshold corrections at
the cutoff scale. Only in a self-consistent string calculation can these corrections be trusted. S.R. thanks
H.D. Kim for emphasizing this point.
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gauge coupling are Ms ≃ 2.0×1018 GeV, αs ≃ 0.06. (The latter result is subject to scheme-
dependent threshold corrections at Ms and thus must await a true stringy calculation for
confirmation.) We note that it is safe to identify the two SO(10)-brane states in the 16
representation (see Fig. 3) as the lightest two generations of matter, since the compactifi-
cation scale Mc is large enough to sufficiently suppress dimension-6 operator contributions
to proton decay. (We do not yet understand the contributions from dimension-5 operators
due to color triplet exchanges; they depend on the precise nature of Yukawa couplings and
are left for future investigations.) With the above mass scales, we find the string dilaton
coupling ∼ Mc/αsMs ∼ O(1), so the string interaction is in between the perturbative and
non-perturbative regimes and might have very interesting physical implications.
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